Abstract: Most of Calabi-Yau manifolds that have been considered by physicists are complete intersection Calabi-Yau manifolds of toric varieties or some quotients of product types. Purpose of this paper is to introduce a different and rather new kind of construction method of Calabi-Yau manifolds by pasting two non-compact Calabi-Yau manifolds. We will also in some details explain a curious and mysterious similarity with construction of some G 2 -manifolds (also called Joyce manifolds), which are base spaces for M-theory.
Some terminologies
In this paper, a Calabi-Yau n-fold means a compact Kähler manifold of dimension n with trivial canonical class such that the Hodge numbers are: h i,0 = 0 for 0 < i < n. The triviality of the canonical class can be replaced by the condition that it admits Riemannian metric with SU(n) as its holonomy group. In this definition, a K3 surface is a Calabi-Yau twofold. A G 2 -manifold (also called Joyce manifold) is a Riemannian manifold of real 7-dimension whose holonomy group is G 2 group (see [4] ). A Fano manifold is a smooth projective variety with ample anticanonical class. The most typical examples are CP n 's. Fano manifolds are well-understood and completely classified for dimensions less than four (see [3] for example). There are 105 families of Fano threefolds.
A normal crossing varieties is a union of irreducible varieties, intersecting with another in a specific way. We will only consider following type of normal crossing varieties:
where Y 1 , Y 2 are smooth varieties of dimension n and D := Y 1 ∩Y 2 is a smooth variety of dimension n − 1. We require that X 0 has singularities along D, locally isomorphic to
The set {x x i = 0} corresponds to Y i for i = 1, 2 and the set
corresponds to D. The varieties Y 1 , Y 2 will be Fano manifolds or some blow-ups of them and D will be a Calabi-Yau (n − 1)-fold. Now let us explain what smoothing is. Let π : X → ∆ be a proper map from a Kähler (n + 1)-fold X onto the unit disk ∆ = {t ∈ C t ≤ 1} such that the fibers X t = π −1 (t) are manifolds of dimension n for every t = 0 (generic) and the central fiber
is a normal crossing variety. We denote the generic fiber by X t . The condition, t = 0, is assumed in this notation. We call such a map π (or simply the total space X) a semi-stable degeneration of X t and X 0 the central fiber. In practice, we say that the smooth manifold X t degenerates to the normal crossing variety X 0 as t goes to zero. Conversely X t is said to be a smoothing of X 0 or X 0 is smoothable to X t . For different non-zero values t and t ′ , X t and X t ′ are diffeomorphic to each other.
The process of resolution of singularities of X 0 by smoothing is as follows: In the equation (2.1), it has singularities, locally isomorphic to
with t = 0, which corresponds to degenerated fiber. Smoothing is letting t go apart from 0. Then the singularities instantly disappear, which corresponds to the generic fiber X t .
The smoothing conditions
The general reference for this section is [9] . Given a normal crossing variety, its smoothing is not always possible. We need some conditions. Those conditions are stated in the following smoothing theorem, which is a corollary of a theorem of Y. Kawamata and Y. Namikawa ( [6] ). 
The Hodge numbers are
Note that this condition, together with (1) , implies that D is a Calabi-Yau (n − 1)-fold.
There are ample divisors
Then X 0 is smoothable to an n-fold X t with trivial canonical class K Xt = 0.
One can show that h i,0 (X t ) = 0 for 0 < i < n. Accordingly X t is a Calabi-Yau n-fold.
If Y 1 and Y 2 are Fano manifolds, they satisfies the condition (2) in the above theorem and very often they have a Calabi-Yau (n − 1)-fold as their anticanonical sections, which is related with the condition (1) . So now take a Fano n-fold Z with a smooth anticanonical section D. Let Z 1 and Z 2 are copies of Z.
where '∪ D ' means pasting along D (Note that Z 1 and Z 2 contain copies of D). Now Z 0 is a normal crossing and one can check that it satisfies the conditions (1), (2) and (3) . However the divisor
is not linearly equivalent to the zero divisor on D. So Z 0 does not satisfy the condition (4). Accordingly the above theorem is not applicable to Z 0 . To remedy the situation, we blow up one of Z 1 , Z 2 along some subvarieties on D. Let us choose a smooth irreducible divisor c (the general non-irreducible case will be discussed later) from the complete linear system
Let Y 1 = Z 1 and Y 2 be the blow-up of Z 2 along c. Since c lies on D, the blow-up does not change D. So Y 2 still contains a copy of D and one can easily verify that D is again an anticanonical section. Now take X 0 = Y 1 ∪ D Y 2 , then it satisfies all conditions in the theorem and therefore smoothable to a Calabi-Yau n-fold X t .
Let us take a simple example. 
Note that the Calabi-Yau manifold 
The map is induced by the inclusion
Let us remark that the order of blow-ups along c i 's matters although the Hodge numbers do not depend on it. The cup-product on H 2 (X t , Z) generally depends on the order. So blowing-up in a different order generally gives Calabi-Yau manifolds of different topological types ( [9] , Section 7).
Calabi-Yau manifolds from pairs of CP 3 's
There are 105 families of Fano threefolds and far more families for fourfolds (see [3] for example). Paring them and applying Corollary 3. It is the Fermat quartic K3 surface and we can find various divisors on it.
1. For a primitive 8-th root of unity ξ, define the divisor Γ i,j,k of D as
It can be easily shown that each of these Γ i,j,k 's in L consists of 4 lines which meet at a single point.
For the sixteen lines on D, coming from those Γ
where H is a generic hyperplane which contains the line. Then F is composed of the line and a smooth cubic curve. Let N be the set of such divisors.
Now we take
where E i for 1 ≤ i ≤ s is degree of e i , Γ i is a member of L and F i is a member of N respectively such that a + i e i + u = 8.
Then X 0 is smoothable and the Hodge numbers are given by the following corollary, which is a simple application of Corollary 3.3. 
Topological interpretation and G 2 -manifolds
The general references for this section are [12] and [7] . As stated in the introduction, one can obtain X t by pasting two non-compact Calabi-Yau manifolds. We mean a non-compact Calabi-Yau manifold by a quasi-projective variety Y * such that
where Y is a projective manifold and D is a smooth section in − K Y ( [10] , [11] ). The condition (4) Note that the variables x, z are interchanged. This is why the word 'twisted' comes up. Now make a manifold M by pasting togetherŶ 
